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Experimental designs are generally interpreted
using a polynomial mathematical model. But this
mathematical model is not always appropriate
and may sometimes not describe the phenome-
non studied. Boolean experimental designs can
be conceived if the factors and the response can
be treated as boolean variables. The results pro-
vided are then interpreted using Boolean alge-
bra. We have treated a real example, the settings
of an instrument for analytical chemistry using
both classical and boolean interpretations. The
classical treatment give surprising results, with
one strong interaction between two non-influent
factors and interactions of order 3 and 4. The
boolean interpretation gives comprehensive
results and provides simple rules for the instru-

Boolean variable and Boolean function

A Boolean variable can take two statesand a [4] such
that

aua=landan a=0,

where U is the mathematical symbol for the operation of
reunion andN that for the operation of intersection [4].

A Boolean responsg, can be expressed as a function of
several Boolean variables:

y=¢6 (a,bc,..).

The function¢ takes one of the two values: 1 or 0
depending of the variable values. The aim of a Boolean

ment settings. experimental design is to find out the relationship between

Boolean modelling for the responses of an the Boolean variables and the Boolean response.

experimental design opens a new and comple-
mentary approach to the classical method that
uses generally mathematical polynoms. In some
cases it can provide a better interpretation of the
phenomenon than the ordinary methology.

Experimental design
with two Boolean factors

Assume that a Boolean response depends on two Boolean
variables. It is a classical result of Boolean algebra that two

Boolean variables give?2= 16 different Boolean functions

[4]. There are thus 16 possible models for the response. The

Introduction problem is how to identify the true model.

The low level of a factor can be attributed to the Boolean

, ) ) aitateﬁ and the high level to the sta#e Hence, the classi-
The three types of factors involved in most experimentaly| geometrical representation of two level factor designs

designs are continuous, nominal or ordinal. The respongg, he used. The four trials of the design are illustrated by
may also be continuous, nominal or ordinal. The most COMpe four corners of a square. But we must define the rela-
mon mathematical model used to explain the results is ”iff‘)nship between the two states of each variable in the
polynomial model [3,5]. This model is sufficient in mostggglean design. We can use either of the two operations,
cases and it gives excellent results. However, it can SoMgpersection or reunion. The principle of the calculation is

times lead to an erroneous or superficial interpretation. Wg,e same for the two operations. If we choose the intersec-

encountered such a case in our study of an analytical chem)—n, the response at each comer of the square is given by
istry method, Counter Current Chromatography (CCC). Thgne of these four relationships:

results of an experimental design were difficult to interpret o _ B
with the classical model. The main factors had no effect and anb anb anb anhb.
there were several important interactions of orders three and
four [6]. The experimental conditions suggested thal.q s of each trial give the value for each minterm which
Boolean variables and Boolean responses could be used.

; ; ; : be 1 or 0.
therefore conceived a new kind of experimental design, thé
Boolean experimental design which proved to be efficient In Boolean algebra, the canonical expression of a Boolean
and gave a clear, satisfactory interpretation of the results.function can be written as the reunion of all the minterms

These are the minterms of the two Boolean variables. The
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Table |. Boolean experimental matrix.

Trial #  Factor A Factor B Minterm Boolean
response
1 a b anb 1or0
2 a b anb lor0
3 a b anhab lor0O
4 a b anb lorO

(disjunctive canonical form [4]). The most general model o
the response is then:
db=@Nnbu@nNbu@nb) u@nb).

The experimental design gives the value of each minterr
Some minterms are zero and disappear from the functio
which finally includes only the minterms equal to 1. The
ultimate expression of the model can be obtained by sin
plifying the disjunctive canonical form. There are severa
methods of simplification such as those of Veitch [4] or of
Harvard [4] or of Quine [9,10].

If we choose the reunion instead of the intersection t
model the response at the corners of the square, we he
four new relationships between the levelsAofnd B:

aub aub aub aub.

These are the maxterms of the two variables. A Boolea
function can be written as the intersections of all the ma»
terms, and this gives the conjunctive canonical form of th
response:

d=@uUb N@UDb N@UDb N (@uUb).

As there is a relationship between the minterms and tt
maxterms, any of them can be used to treat the experime
tal results. A mintermn, is the complement (negation) of a
maxterm,M:

ml = Mzn_l_i .

We have used the minterms in the following example.

Graphical representation of
a two Boolean factor experimental design

The following conventions were adopted:
The low level ofA(-1) is assigned ta.
The low level ofB(-1) is assigned tb.
The high level ofA(+ 1) is assigned ta.
The high level ofB(+ 1) is assigned to.

Then the minterma N _5 is represented by the point
[-1, -1]; the minterma N b by [+1, =1];& N b by [-1, +1]
anda N b by [+1, +1] (Fig. 1).
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Figure 1. lllustration of a 2 factor boolean experimental design.

A similar representation was used for the maxterms. In
this case, each corner of the square represents one of tt
expressions:

(aora U (borb).

General Boolean designs

If we assume that a Boolean response dependsBaolean
variables, there are?2different Boolean functions and
2" minterms (and the same number of maxterms). The exper
imental design provides the values of all the minterms that
are in the disjunctive canonical form of the Boolean func-
tion that represents the response. This Boolean function ger
erally contains many terms and must be simplified (see the
following example).

The experimental design for Boolean factors can be
illustrated by ann-dimensional square. Each corner is a
minterm (or a maxterm), whose value is given by the exper-
iment. The modeling of the response is obtained from the
reunion of all the minterms equal to 1. For four variables
(or factors), the response at each corner is given by on
these minterms:

(@ora N (borb) N (corc) N (dord).

There are £ = 65536 possible functions. The minterms
equal to 1 are used to write the disjunctive canonical form
of the response and the diagram of Veitch is used to sim:
plify this disjunctive canonical form and to obtain the final
model.

An n-factor experimental design can be illustrated by an
n-dimensional square. Figure 2 shows the graphical repre
sentation of a 4-factor experimental design.
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Figure 2. lllustration of a 4 factor boolean experimental design.
An example %j Rotation P1 or P2
The example is the separation method based on the partiti Axis X1 Axis X2
of solutes between two immiscible liquid phases as the
interact in a narrow-bore tube under centrifugal force. Thi
method was invented by Ito [7] and is called Counte cylinder
Current Chromatography (CCC) or Centrifugal Liquid- Axis X'2

Liquid Chromatography (CLLC). Many variables or factors
are involved in settings up the apparatus and this is why ¢
experimental design was used.

Instrument description

The general principle of this apparatus is shown in figure
[6]. Two cylinders rotate around a vertical aXis. The rota-
tion can be clockwise or anticlockwise. Each cylinder als:
rotates on itself around the aX& (or X'2), which is orthog-
onal toX1. The two cylinders rotate at the same speed. TF
distance fromX1 to X2 and X'2 can be adjusted by the
experimenter to L or 1.5 L.
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The chromatographic column is a narrow tube wound oTable Il. Experimental matrix and results of the example.
the two cylinders. The mechanical arrangement is such th
the tube can rotate with the cylinders without any twisting
The tube is left-handed or right-handed on the cylinder

Trial # A B € D E Retention

according to the instrument. When the cylinders rotat 1 - - - - - 38.1
around their own axes, the ends of the column may k 2 + - - - - 11.2
labeled “head” or “tail”, depending on the direction of wind- 3 - + - - - 13.6
ing, (left-handed or right-handed). The choice of the “Head 4 + + - - - 34.7
or “Tail” mode is also called the “Elution mode”. 5 — - + - - 36.3
The stationary liquid phase is first placed in the chro 6 * - * - - 7.2
matographic column so as to occupy all the volume. Ther 7 - + + - - 11.2
a mobile liquid phase (which is immiscible with the sta- 8 + + + - - 37.6
tionary phase) is passed through the column and leaves 1 9 - - - + - 30.7
apparatus after being in close contact with the stationail0 + - - + — 6.4
phase. The aim of the experimenter is to keep balana1 - + - + - 7.4
between the two phases in the column, so that the ratio 12 + + - + _ 37.6
between 20/80 and 80/20. 13 _ _ + + _ 43.4
The mobile phase can be heavier or lighter than the st14 + - + + - 4.8
tionary phase. 15 - + + + - 8.0
. . 16 + + + + - 26.7
The mobile phase can be introduced to flow towards th17 N N N N . 36.0
central axisX1 (Inward), or in the opposite (Outward). '
18 + - - - + 10.4
The experiment 19 - * - - * 16.8
20 + + - - + 41.6
Response 21 - - + - + 38.9
) . |22 + - + - + 10.4
The response is the percentage of stationary phase retairy3 _ + + _ + 9.6
in the chromatographic column, as a percent of the total cc + + + _ + 376
umn volume. This percentage is called the retention of tkzs _ _ _ N N 32'8
stationary phase. o6 R B B N N 35 2
A
Ten factors were studied but we have select the followinpg - - + + + 40:8
five: 30 -+ 411
Factor A: Density of the mobile phase. Light or Heavy. 31 - + + + + 33.3
. L 32 + + + + + 52.0
Factor B: Elution direction. Inward (I) or Outward (O).
Factor C: Direction of rotation. Clockwise (P2) or Anti- :
clockwise (P1) - light 1+ P2 L T
+ heavy O P1 1,5L H

Factor D: Cylinder position. L or 1.5 L.

Factor E: Elution mode. Tail-to-head (T) or Head-to-tail
(H)

Other factors include the radii of the cylinders, the rota The model of the response is just one of the
tional speed of the cylinders, the internal diameter of th2%2 = 4 294 967 296 possible Boolean functions.
coiled tubing, the temperature and the nature of the solve
system. Results

. . The results are shown in table II.

Experimental design
We used a full factorial experimental designad consid- Classical interpretation
ered it to be a Boolean design by choosing the intersectic
as operation between the Boolean states. The levels of e¢
trial could then be transformed into a minterm. If we have
chosen the reunion, each trial could have been transform
into a maxterm. a=(XX)1t Xy.

The classical interpretation assumes that the response can |
described by a polynomial model, the coefficients of which
are determined with the least square hypothesis
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Table Ill. Classical effects and interactions. * There are two significant interactions of order 3: ABD,
Effects and  Numerical Effects and  Numerical ABE.
interactions Values interactions Values » There is one significant interaction of order 4: ABDE.
Those results allowed us to set up the apparatus and to
ABC 071 choose satisfactory running conditions but we could not give
Mean 26.91 ABD -2.13 a simple, clear interpretation of the behavior of the instru-
ABE —2.44 ment. This is why we tried a Boolean interpretation of these
A 0.37 ACD -0.84 experimental results.
B 0.43 ACE 0.79
C 052 ADE 1.33 Boolean interpretation
D 2.46 Each of the five factors was considered to be a Boolean vari-
E 4.73 BCD -0.37 able (Tab. IV). We chose the reunion as operation between
BCE 0.08 the states of these Boolean variables. Then every trial will
AB 11.02 BDE 0.16 give the value (1 or 0) of the corresponding minterm.
AC -0.63 CDE 0.99
AD 0.99 Table IV. Definition of boolean level of the factors.
AE 1.78 ABCD -0.14
BC ~0.86 ABCE 0.07 Factor Level — Level +
BD -0.46 ABDE —2.65
BE 0.51 ACDE 0.96 Density of the mobile ~
cD 1.37 BCDE 1.36 phase (A) light a heavy a
CE 0.80 Elution direction (B) inward b outward b
DE 4.02 ABCDE 0.16 Direction of rotation (C) clockwise E anti-clockwise ¢
Coil position (D) L d 15L d
Elution mode (E) Tail-to-head e Head-to-tail e

These coefficients are the effects of the factors and the

interactions in a two level full factorial design. It is gener- The response can also be considered to be a Boolean func-
ally assumed and generally verified that the interactions tjon, This function takes the value 0 when the column is empty
order three and higher are insignificant. But this is not so ignd +1 when it is full. The response is transformed to esti-

effects and of the interactions. Some results are unusual a

even surprising: Response transformation
e Factors A and B have no effect and there is a very strorAll the responses of the experimental design (Tab. IlI) were
interaction between them. recorded, from the lowest to the highest. The first rank was
60
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Figure 4. Retention in function of the rank
of increasing values of the response.

Rank of the experimental design results

ANALUSIS, 2000, 28, N° 7 567
© EDP Sciences, Wiley-VCH 2000



O”gmal articles Chemometrics 2000

allocated to the lowest response (4.8), the second to the nc  The response is described by a Boolean function that ha
(6.4), and so on. The last rank (32nd) contains the highethe value:

response (52) (Fig. 4). — 0 when there is less than 20 % stationary phase in the

column.
This figure shows that there is a break between tffe 1: ) ] )
and 13 responses. The retention jumps from 16.8 to 26.7~ *+1 when there is more than 20 % stationary phase in the

The exchanges between the two phases are excellent wt c0lumn.

there is more than 20 % of stationary phase in the colum  The results of the initial design (Tab. II) are transformed
Hence, the column could be considered to be empty whénto Boolean responses according to these statement
there is less than 20 % stationary phase in the column, a(Tab. V). This table shows the minterms of the disjunctive
full when there is more than 20 % stationary phase. canonical form of the response.

Table V. Boolean experimental design and results of the example.

Trial # A B @ D IE Minterm Boolean response
1 a b c d e anbnNnecnNndne 1
2 a b c d e 0
3 a b c d e 0
4 a b c d e anbNecnNdnNe 1
5 a b c d e aNnbNcnNndnNe 1
6 a b c d e 0
7 a b c d e 0
8 a b c d e aNnbNcNdNe 1
9 a b c d e anbnNnecnNdnNe 1
10 a b c d e 0
11 a b c d e 0
12 a b c d e anbNctnNndne 1
13 a b c d e aNnbNcnNndnNe 1
14 a b c d e 0
15 a b c d e 0
16 a b c d e aNbNecnNdNe 1
17 a b c d e anbnNnecnNdnNe 1
18 a b c d e 0
19 a b c d e 0
20 a b c d e anbNcNdnNe 1
21 a b c d e anbNcNdnNe 1
22 a b c d e 0
23 a b c d e 0
24 a b c d e aNnbNcNdNe 1
25 a b c d e anbnNecNdnNe 1
26 a b c d e anbnNnecnNdnNe 1
27 a b c d e anbNncnNdnNe 1
28 a b c d e anNnbnNcnNdNe 1
29 a b c d e anbNcnNndnNe 1
30 a b c d e aNnbNcNdNe 1
31 a b c d e anNnbnNcnNdNe 1
32 a b c d e anNnbNecNdNe 1
factor light [ P2 L T

factor heavy (0] P1 1,5L H
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If the experimenter wants, for example, a higher reterThe Boolean disjunctive canonical form
tion, he can choose a different cut off. The only differenc:
is that the Boolean function will not be the same.

a a
20 4 I 24 8 E
b
28 12 32 16 31 27
. — d
- 26 30 29 | 13 | 25 | 9
21 5 17 J 1
[ c C
e e e e e e e e
Figure 5. Veitch diagram for five factors.
b O L
anb
Factor B dne
B anb
n b @ O
_ e
a Factor A a
Factor E
e
b O ®
anb
Factor B dne
_ anb
b . O
a a
Factor A

Table V shows the minterms corresponding to each trial. The

disjunctive canonical form of the response is the reunion of

the 20 minterms whose values are 1 in the response column
of the Boolean experimental design.

b=@nNnbnNntnNndnNneu@nbnNntndneg
U..U@nbncndne.

This is a complicated function that must be simplified.

Simplification of the Boolean function

A five-variable Veitch table was used [4] (Fig. 5), in which
each cell is a minterm corresponding to one trial of the
experiment. There are® 2 32 minterms.

The number of the trial is inserted in the corresponding
cell when the value of a minterm is 1. The numbered cells
allowed us to establish the simplified Boolean function of
the response. The eight cells 4, 8, 12, 16, 20, 24, 28 and 32
are due to the intersection afandb: a N b. Cells 25, 26,

27, 28, 29, 30, 31,and 32 are due to the intersectioth of
ande d N e Cells 1, 5, 9, 13, 17, 21, 25 and 29 are due

b @ @
anb
Factor B dne
B anb
b @ @
a Factor A a
d b O ®
anb
Factor D
Factor B dne
anb
b @ O
a Factor A a

Figure 6. Black dots show all satisfactory settings for the CCC instrument: the stationary phase is immobilisied in the chromato-

graphic column.
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to the intersection o andb: & N b. The resulting simpli-
fied function is

db=(@Nnbu@nNb)u@dn e.
This function is readily interpreted:
e Factor C has no influence on the response.

Chemometrics 2000

“reunion” or the “intersection”. Then, the mathematical

model of the response at each experimental point is giver
by a minterm (or a maxterm). The experimental results give
values of 1 or O for each minterm. The disjunctive canoni-
cal form is obtained by the reunion of all the mintern of
value 1. The disjunctive canonical form is simplified to a

model that can be easier to understand and more practica

« The column will be full if only one of the intersections The example of CCC instrument settings shows how
is equal to 1. This means that the setting of the instr300lean experimental designs can be used.

ment could be one of the following:

— D and E must be set together at high level, regardless

of the levels of the other factors.

The “L” cylinder position must be used with “Head to

tail” (H) elution mode;
or
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